Abstract: This paper analyzes the effect of public pension system on lifespan and happiness level using optimal longevity model. This paper found the following. Public pension system can make life expectancy longer, however, the extension of lifespan caused by the public pension, not by own decision, cannot make happiness level higher. Under the government budget constraint, the public pension system cannot make the happiness level higher comparing to private savings. This paper concludes that the compulsory public pension system should be reconsidered because it does not contribute to well-being but raises various problems like aging population and income inequality.
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PUBLIC INTEREST STATEMENT
A serious issue of many countries is expected to be an aged income guarantee system because of the public pension exhaustion and aging population. According to Melbourne Mercer Global Pension Index, US, Germany, France, UK, Italy, etc., their pension systems have major risks and/or shortcomings that should be addressed. Without improvements, its efficacy and/or long-term sustainability can be questioned. This research deals with very interesting questions whether the sheer existence of a public pension system makes people happier and live longer. This research found the following. Public pension system can increase life expectancy; however, the extension of lifespan caused by the public pension, not by own decision, cannot increase the level of happiness. The public pension system cannot increase the level of happiness if compared with private savings. Public pension systems don't contribute to well-being, but raise various problems like aging population and income inequality and therefore should be reconsidered.
There are two general ways to study on longevity in theory, which are overlapping generation model and optimal dynamic model. Many previous researches use the overlapping generation models, (e.g. Pecchenino and Pollard (1997) , Chakraborty (2004) , Momota et al. (2005) , Sánchez-Marcos and Sánchez-Martin (2006) , Ponthiere (2009), etc.) . In many previous overlapping generation models, the maximum lifespan has been given (e.g. two-period or three-period) and the survival probability has been introduced and the life expectancy has been calculated by the average of the longevity of the people who live to the maximum lifespan and the people who die before the maximum lifespan depending on the survival probability. Actually, in two-period model, only two kinds of ages (i.e. one-period-old and two-period-old) exist and nobody survives more than the given period even though the life expectancy has variations. Meanwhile, some previous researches use the optimal dynamic models (e.g. Dalgaard & Strulik, 2014; Ehrlich & Chuma , Ehrlich; Grossman, 1972, etc.) . The idea that the individual's longevity is based from the result of the individual's utility maximization problem is the same with both models, but in the optimal dynamic models, the individual decides about the time when he/she will die, at the terminal point of the continuous time model, to maximize his/her happiness level. This research paper has followed the latter.
We use an optimal dynamic problem of individuals who live in continuous time to analyze the effect of a pension system on life expectancy and happiness level. We develop a simple life cycle model in which the length of life is endogenously determined by individual's optimal health investments. Our model is primarily related to Ehrlich and Chuma (1990) and Dalgaard and Strulik (2014) which apply optimal longevity. We have simplified Dalgaard and Strulik (2014) and introduced a pension system into it. We consider that the individual's longevity is based from the result of the individual's utility maximization problem. Individuals could choose to live a short and intensely happy life, or a longer and less intensely happy life, or a moderate long and moderate happy life.
2 If the length of life is chosen optimally, the relationship of the length of life and the level of happiness could not be proportional because there is a trade-off between the quantity and quality of life. We consider a lifetime utility maximization problem between the length of life and the level of happiness under individual's budget constraint. An individual distributes his/her budget to his/her basic needs and to his/her health investments to maximize his/her lifetime utility. Along with Grossman (1972) which models optimal health investment in increasing longevity, we assumed that it is possible to extend lifespan by the effort of an individual through health investments. 3 We suggested two kinds of method to hedge against an uncertainty in life which are public pension model and private savings model. In the public pension model, an individual pays his/her pension to government mandatorily when he/she is young and the individual gets his/her pension when he/she becomes old which continues until his/her death. In the private savings model, an individual saves an extra money for an extended period in which he/she could be still alive unexpectedly even though the money may go to waste if he/she dies earlier unexpectedly. Whichever method he/she chooses between two methods, he/she does not have to worry about financing future years of living.
We have investigated how the optimized lifespan and the lifetime utility level have been changed by the existence or non-existence of the pension system. We have compared the lifetime utility level of the public pension model as a compulsory saving with the lifetime utility level of the private savings model as voluntary saving. We have shown following three important results using this research model: (1) Pension system can make the lifespan longer. This result is consistent with Philipson and Becker (1998) which argued that there is a moral hazard effect in public pension that induces excessive longevity. The pension system can rather raise problems for aging population which affect the country's productivity and growth rate negatively through the decline in the fraction of working-age population. (2) Under government budget constraint, even though public pension can make the lifespan longer, the public pension cannot make the happiness level higher comparing to the private savings. The public pension as a compulsory saving can distort individual's decision and make the individual worse off. If the prediction of lifespan does not turn out to be completely wrong under lifetime uncertainty, it is not always true that the pension system improves the lifetime utility level even though the pension system has an insurance effect or a risk-hedging function. (3) Generally, life expectancy itself is proportional to the happiness; however, life expectancy may not be always proportional to happiness unless income support accompanies. The extension of lifespan caused by the public pension cannot make our happiness level higher. The extension of lifespan only chosen by own decision and accompanied by the income support may make our happiness higher. Furthermore, we have formulated and tested three hypotheses based on the results of theoretical model. We have shown that three results roughly correspond to the characteristics of cross country data. This research, I believe, is the first one to provide the empirical evidence for the first result which has been argued by Philipson & Becker (1998) . Furthermore, both, the second and the third results, are discussed theoretically and empirically for the first time using the optimal longevity model and the cross country data. These results suggest that the compulsory public pension system should be reconsidered because it does not contribute to well-being but raises various problems like aging population and income inequality. This paper is organized as follows: Section 2 presents a benchmark model and solves the model numerically. Section 3 introduces an uncertainty in the benchmark model and deals with two riskhedge models and analyzes the results. Section 4 tests the results from the theoretical models empirically using cross country data. Section 5 offers conclusions on this research. Finally, more information on each country and the detailed calculation can be found in Appendix.
The benchmark model
In this section, we have created a benchmark model which is an utility maximization model to analyze the relationship between the life expectancy and the level of happiness. And in the following section, we will introduce a pension system into the benchmark model to analyze the relationship between the existence or non-existence of a pension system and the life expectancy and the relationship between the existence or non-existence of a pension system and the level of happiness. Frey (2008) mentioned that the lifetime utility is used to measure the level of happiness which is an abstract variable. Happiness is not exactly the same with utility, but both happiness and utility have a close relationship and the higher the utility level is, the higher the happiness level is. We assume that happiness is a way of measuring utility. 4 2.1. Setup Grossman (1972) developed a model on demand for health through health investments. After that, Ehrlich and Chuma (1990) developed a model of demand function for longevity and derived optimal longevity and time path for health capital, health investment, and consumption. Dalgaard and Strulik (2014) introduced the low of motion which governs the aging process to the optimal longevity model and elaborated it. The benchmark model is primarily related to Ehrlich and Chuma (1990) and Dalgaard and Strulik (2014) which consider on health investments and optimal longevity. We consider an individual's utility maximization problem under the finite period. He/She can live up to T years old and die at the age of T. There is no uncertainty in the model and individuals have perfect foresight. We will introduce an uncertainty in lifetime in Section 3. An individual maximizes his/her lifetime utility which is affected by consumption. The instantaneous utility function (u(⋅)) is specified in log form as follows:
where c is consumption. We think that it is possible to extend the lifespan by the efforts of the individual. We assume that there is a linear relationship between health investment and the lifespan as follows:
where T and z are the lifespan and the health investment, respectively. And a and b are positive constants. When z is decided, T is automatically decided, on the contrary, when T is decided, z is automatically decided, which means if we invest amount of z, we can live until T and if we want to live until T, we should invest amount of z. If an individual invests for his/her health more, as the result, his/her lifespan will be longer. The lifespan T is finite and endogenous. Grossman (1972) and Ehrlich and Chuma (1990) introduced state of health in utility function named as stock of health and amount of healthy time, respectively. However, we assume that the health investments do not affect the utility directly like Philipson and Becker (1998) and Dalgaard and Strulik (2014) .
5 Dalgaard and Strulik (2014) introduced Mitnitski and Rockwood's equation which measures how human frailty and proportion of deficits increase as humans get older to express the physiological relationship between aging and mortality. For simplification, we did not use Mitnitski and Rockwood's equation which is a non-linear function. We also assume that the interest earning is the only source of income of the individual, and there is no labor income and no production division. 6 And to simplify, a small open country is assumed, then the domestic interest rate is always constant. We denote the individual's asset as x, then his/her budget constraint is written as follows:
where r is interest rate. We put the initial asset which the individual has as x(0) = x 0 . The individual's utility maximization problem can be written as follows:
where is discount rate. We assume the is constant, that is, this model is a exponential discounting model, not a hyperbolic discounting model which is treated in behavioral economics. We assume r ≥ . 7 In many previous studies (e.g. Dalgaard & Strulik, 2014; Ehrlich & Chuma, 1990; Grossman, 1972, etc.) , health state which is a accumulation of health investment is introduced as a state variable similar to human capital. However, for simplification, we assume that z has a constant value from the initial period until T period, z(0) = ⋯ = z(T) = z, and that z is decided at the initial period. 8 Life expectancy is the number of years a person can expect to live in given social environments when he/she is born. We assume that when an individual is born, he/she decides how much he/she invests for his/her health and how long he/she lives in the social environments surrounding him/her which are x 0 , a, b, r, , etc.
Solving the Model
The maximization problem is solved in two stages. At the first stage, we consider that T and z in Equation (2) are given values, not control variables. At the second stage, we consider the T and z as control variables. First, we maximize over c and x for any given T and z, and then the objective function which has been maximized with respect to c and x could be described as a function of T and z. Second, we maximize over T and z instead of c and x, because c and x have been maximized in the first stage, that means c and x are a functions of time t, i.e. c(t|T, z) and x(t|T, z).
The First Stage
We use the Hamiltonian method to solve the maximization problem. The Hamiltonian is written as follows:
By differentiating Equation (5) with respect to c and x, we can get Equations (6) and (7).
We integrate Equation (7) to time t, then we get where k is a constant of integration. Taking exponential both sides of Equation (8), then we can get where C 1 = e k . Substituting Equations (6) and (9) into Equation (3), we obtain the following This differential equation is solved as follows,
(11)
where C 2 is a constant. See Appendix for the detailed calculation. C 1 and C 2 can be obtained from substituting the initial condition and transversality condition. Because of x(0) = x 0 , we get C 2 as follows:
To maximize his/her utility, when dying, he/she uses up all his/her assets and leaves nothing. In other words, x(T) = 0. We get C 1 as follows, Substituting Equations (12) and (13) into Equation (11), we obtain the following Substituting Equation (9) into Equation(6), we can get
Equations (14) and (15) are the optimal paths of x and c, respectively, in the situation where the variables T and z are fixed.
The Second Stage
In the second stage, to maximize his/her lifetime utility, the individual considers Equation (2) by choosing his/her optimal T. We can rewrite the utility maximization problem as follows:
We solve the integral in Equation (16), then we can induce Equation (17) See Appendix for the detailed calculation. Substituting Equation (2) into Equation (17), the maximization problem can be rewritten as Equation (18) which has no integral and has only one control variable T. Equation (18) is just a static maximization problem, not a dynamic problem.
We take the derivative of Equation (18) with respect to T, then we can get
By setting the first derivative to zero as f (T|x 0 , a, b, r, ) = 0, we can solve the utility maximization problem for T. In Ehrlich and Chuma (1990) , the transversality conditions were considered. However, in this research model, we have considered the boundary conditions as Dalgaard and Strulik (2014) , because the individual chooses T directly which is the terminal date.
(12)
(13)
x(t)
T−a rb
T−a br
Results
The implicit function f (T|x 0 , a, b, r, ) = 0 is highly non-linear, so it is difficult to solve it analytically.
The alternative option is to provide the solutions numerically. 9 The suitable parameter values are used for the calculation, though they are arbitrary. The parameter values that we use to calculate are the following: a = 20, b = 10, x 0 = 100, = 0.01, r = 0.02. In order to investigate the effects of only the sheer pension system, not including the effect of income, we put the initial income as the constant value. We have obtained the optimal T * which is 24.556. 10 We have put the optimal T * into Equation (18) and obtained the maximized U * which is 33.742. We have checked the convexity of Equation (18) in T numerically.
f (T)
T 2 T=T * = −0.104. The second derivative is negative, which means the function is concave if it is near the optimal T * . 11
Lifetime uncertainty
Generally, we are prone to think that we have more need for survivor income programs which provided through the public sector (e.g. pensions, annuities) in case that we do not know, due to uncertainty, when we will die exactly. In Section 3, we consider an uncertainty in lifetime. We introduce an uncertainty in the T which individual chooses to maximize his/her lifetime utility. We add an uncertainty to Equation (2). where is a random variable with E( ) = 0 and symmetric distribution with respect to the mean, − ≤ ≤ , where is a positive constant. When is positive, an individual lives longer than the planned period T and when is negative, an individual dies earlier than the planned period T.
We suggest two methods to hedge against the uncertainty and to get income when an individual lives longer than the planned period T which are public pension and private savings. In the public pension model, an individual pays his/her pension to government mandatorily when he/she is young and the individual gets his/her pension when he/she becomes old which continues until his/her death. In the private savings model, an individual saves an extra money for an extended period in which he/she could be still alive unexpectedly even though the money may go to waste if he/she dies earlier unexpectedly. The individual can have stable resources in retirement due to two methods even though there is the uncertainty in life. We will compare both in order to determine which method is better.
Public pension

Setup
One of the purposes of this research is to analyze the effect of the pension system on the maximized utility and optimal longevity. We introduce a pension system into the benchmark model additionally. He/She pays a pension p from 0 to s period and gets a pension q after s period to death. The government decides about p, q, and s which are constants as given to individuals. This pension system performs as a compulsory saving for individuals. The time from 0 to s is named as young period, while the time after s is named as old period. His/Her budget constraint in the benchmark model Equation (3) is changed to Equation (21).
Solving the Model
Even though there is the uncertainty in life, he/she does not need to consider about the uncertainty, because if he/she lives longer than the planned period T, he/she will get the pension during positive . The way to solve the model with this pension system is similar to that of the benchmark model even though we have to divide it into young period and old period. Equation (11) is changed as follows: where x(s) is interpreted as both the terminal value of young period and the initial value of old period at the same time.
By the same way as the previous, Equation (15) is changed as follows:
Substituting Equation (27) into the utility function, we have obtained the following We integrate Equation (28) to time t, then we have gotten
, then, the original dynamic optimization problem with the pension system becomes static optimization problem with respect to T and x(s) as seen in Equation (30). In other words, all he/she has to do is to decide his/her own life expectancy and the initial asset at the old period.
Population structure and government budget
We assume that a certain big number of people with endowment x 0 is born in every period and that a, b, r, are constants, that is, the social environments surrounding individuals do not change over time. 13 Because the individuals are born with same endowment, the optimized T * s, which the individuals choose, are also same. Even though time will go, in the economy, the number of population
(23)
will be the same and the population structure will not change. 14 The period-by-period budget constraints of government are given as follows:
The government collects p from each individual between the age of 0 and s and gives q to each individual between the age of s and T. The government collects sp from the young generation and pays (T − s)q to the old generation. It can be a pay-as-you-go (PAYG) pension system. Because the population structure does not change, the government's budget constraint holds Equation (31) in every period. Because E( ) = 0, the expected longevity is E(T) = a + bz. Someone dies before T-year-old and someone continues to live more than T. If there are lots of individuals in economy, the number of individuals who continue to live more than T will be equal to the number of individuals who die before T, because the random variable is symmetric with respect to zero. By law of large numbers, the amount of pension which is paid to the individual T years of age or older can be covered from the amount of pension which is collected from the individuals who die younger than T.
Results
Grid search.
Taking the derivative of Equation (30) with respect to T and x(s), and setting each first derivatives to zero, and solving the system of equations, we could obtain the optimal T * and x(s) * . Since the object function of Equation (30) is highly non-linear and nested structure, it is very difficult to get an exact analytical solution for this problem. The alternative option is to provide the solutions numerically. The same parameter values are used for the calculation as in the benchmark model.
We will show the relationship among the life expectancy, the lifetime utility and the pension system through the combination of p, q, and s, which are the amount of payment for pension, the amount of pension gratuity and the period of payment for pension, respectively. By changing of the parameters for pension system, p, q, and s, we have gotten the pairs of the life expectancy and the lifetime utility. We have used the grid search to show the pairs. In using the grid search, we have to decide the range of three variables and the number of grids in advance. We choose an equispaced grid {p 1 , ⋯ , p n } = {0.050, ⋯ , 2.050} for the amount of payment for pension p with n = 300 nodes and {q 1 , ⋯ , q n } = {0.050, ⋯ , 2.050} for the amount of pension gratuity q with n = 300 nodes. For the period of payment for pension s, we also choose an equispaced grid {s 1 , ⋯ , s n } = {0.001, ⋯ , 20.001} with n = 300 nodes. The number of combinations of three variables p, q and s is 27,000,000.
Results.
We plot the relationship between the life expectancy and the lifetime utility level in Figure 1 . Figure 1 shows the results of grid search matching to each combination of p, q, and r, and the point (T * , U * )=(24.556, 33.742) which shows the pair of the life expectancy and the lifetime utility level obtained from the benchmark model which has no pension system. The horizontal line and the vertical line show the life expectancy and the lifetime utility level, respectively. The result looks like area instead of points because there are too many dots. All of these dots except the point show the pairs when the pension system exists. In Figure 1 , panel which is placed right below shows the enlargement of the same area.
We draw a vertical and horizontal line from the point and divide the plain into 4 areas. In area I, the life expectancy is longer and the lifetime utility level is higher compared to the point . In area II, the life expectancy is longer but the lifetime utility level is lower compared to the point . In area III, the life expectancy is shorter and the lifetime utility level is lower compared to the point . In area IV, the life expectancy is shorter and the lifetime utility level is higher compared to the point .
There is no pair in area IV. Furthermore, we have divided the dots into five areas, which are area i, area ii, area iii, area iv and area v, by the government budget constraint as follows:
In Figure 2 , we depicted each area in detail. Each of the areas was not divided precisely as seen in Figure 1 , because there are overlapped areas between the area i and ii, between the area ii and iii, between the area iii and iv, between the area iv and v. We depicted these overlapped areas in (6), (7), (8), and (9) in Figure 2 , respectively. When we showed Figure 1 , we gave the area ii preference between the area i and ii, which means the area i was plotted first after which the area ii was depicted on the area i. In the overlapped area between the area i and ii, the area ii is on the top because the area i was covered by the area ii. In a similar way, we gave the area iii preference between the area ii and iii; gave the area iii preference between the area iii and iv; and gave the area iv preference between the area iv and v. We prioritized the balanced, the moderate and the extreme to depict the overlapped areas in Figure 1 . The existence of the overlapped areas means that even though the government budget is different, the way the pension system is operated can have the same effect on the lifespan and happiness. To put it in another way, even though the government budget is the same, the way the pension system is operated can have a different effect on the lifespan and happiness.
In the area i and ii, the government revenue is less than the government expenditure for the pension. The area i and ii are unfeasible areas if there is no additional financial resources. The government should replenish the underfunded revenue by another way to meet the deficit budget e.g. raising tax or issuance of government bonds or sellout the natural resources, etc. It is an unrealistic assumption. Only few countries, which are rich in natural resources and are carefree about their government resources, for example, oil product countries, may do it. In the area iii, the government executes the balanced budget that can be found in most of the countries in the world. 15 In the area iv and v, the government expenditure for the pension is less than the government revenue. The area iii, iv, and v are feasible areas even if there is no additional financial resources. If pension system has any inefficiency which is liable to happen, the areas, iv and v, are possible.
The pension system can make life expectancy longer or shorter and can make lifetime utility level higher or lower. It is indisputable that if we pay smaller amount of money and get bigger amount of money from our pension, our welfare level will be higher, otherwise, if we pay bigger amount of money, and get smaller amount of money from our pension, our welfare level will be lower. In case of the area I, if we get big amounts of pension in the future, the life expectancy can be extended and the lifetime utility can go up. It is the most preferable, however, in today's reality, we cannot expect that the amount of the pension will increase due to the problem of financial resources.
In case of the area III, the life expectancy is decreased, moreover, the lifetime utility level can go down. This is the worst scenario. This is the case when he/she is forced to pay his/her pension, he/she chooses a dot in the area III, instead of the point which is the best choice for individuals in case without pension system. He/She does not have enough money to invest for his/her health care because most of his/her money is paid for his/her pension. As an extreme example, we can take an individual who can choose a short life to refuse to pay the pension until such period s and to increase his/her consumption in his/her young period.
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The point shows the optimal combination of the life expectancy and the lifetime utility level when we have lowest p, biggest q, and shortest s. The point shows the optimal combination of the life expectancy and the lifetime utility level when we have biggest p, smallest q and longest s. In the point , the life expectancy is the longest and the lifetime utility level is the highest. On the contrary, in the point , the life expectancy is the shortest and the lifetime utility level is the lowest. When individuals pay smaller amount of money, and pay for a short period of time, and get bigger amount of money from his/her pension, his/her lifetime utility level will be higher, otherwise, when individuals pay bigger amount of money, and pay for a long period of time, and get smaller amount of money from his/her pension, his/her lifetime utility level will be lower comparing to the case of nonexisting the pension system. The result accords with intuition.
In the area II, even though the life expectancy is extended, the lifetime utility level can go down. This is the case when he/she is forced to pay his/her pension, he/she chooses a dot in the area II, instead of the point which is the best choice for individuals in case without pension system. Because of that an individual is forced to pay the pension during his/her young period, the pension system leads to less personal consumption in his/her young period. Even though he/she tries to prolong his/ her life for a long time to get his/her money back which he/she paid mandatorily, his/her lifetime utility level can go down compared to the case without pension system. Even though rising longevity is incited by the pension system, the years they gain in life expectancy may not be healthy ones, so the increase in life expectancy requires more savings for health-care spending in his/her old age and less consumption through his/her whole life. This is a distortion which can occur due to the pension system. Let us focus on the area iii which shows the government balanced budget. It is obvious that the pension system only distorts individual's decision and makes the individual worse off comparing to the point , because if other things are constant (ceteris paribus), less constrained individual is generally happier than more constrained individual. We have found the fact in the area iii that when the government holds the budget constraint, the lifetime utility level cannot increase. And, we have also found another fact that the life expectancy can prolong even though the lifetime utility level decreases. Individuals know that if they live longer they will get more pension. They are motivated to live longer as it is the only way they could enjoy the pension they have been paying for a long time. This result is consistent with that of Philipson and Becker (1998) even though the model in each research is different. Philipson and Becker (1998) argued that there is a moral hazard effect in annuities that induces excessive longevity. Public annuity programs may distort investments quantity, thereby sacrificing quality, that is, they distort the trade-off toward living longer rather than living well.
In the area ii, when the government expenditures for pension are higher than the government revenues, the life expectancy increases. On the contrary, in the area iv, when the government expenditures for pension are lower than the government revenues, the life expectancy also increases. In the both cases, either the budget surplus or deficit, except the extreme case, the life expectancy prolongs. From these results, we can say that life expectancy can be longer when pension system exists, not only when the government has enough revenue but also when the government hardly has enough revenue.
From Figure 1 which has a positive slope, it can be noticed that there is a positive relationship between life expectancy and lifetime utility level. If we have enough income after retirement, the longer lifespan makes us happier. However, under the government budget constraint, the life expectancy is not always proportional to the lifetime utility level. For example, when we compare the point with the point in the area iii, even though the life expectancy at the point is longer, its lifetime utility level is lower. The extension of lifespan which is caused by the moral hazard effect in public pension without the income support may not always make our happiness higher. The extension of lifespan only chosen by own decision and accompanied by the income support may make our happiness higher. Becker et al. (2005) mentioned that life expectancy gains have been an important component of improvements in welfare, but that may be the case in the situation where their financial problems can be resolved.
Private savings
Setup
We think another way to finance when an individual lives longer than the planned period T. He/She saves an extra money for the extended period from T to T + in which he/she could be still alive unexpectedly. If the individual is still alive and does not have money after period T * which he/she has chosen optimally, he/she will have hard time. So, we assume that first, the individual chooses the T * optimally and then he/she maximizes his/her lifetime utility with respect to T * + considering the case that he/she will be still alive until T * + . For example to facilitate the understanding, if that, he/she lives up to 100-year old, is the optimal choice (T * ), the financial plan up to 100-year old will be the best plan. As another choice, he/she considers the uncertainty in his/her life and can plan up to 120-year old (T * + ) daringly even though the finance of extra 20 years ( ) may go to waste if he/she dies at 100-year old (T * ). The extra finance is one method to hedge against the uncertainty for himself/herself.
The individual's utility maximization problem can be written as follows:
where T * is the optimized T in the benchmark model in the Section 2. In this case, T * is given which means that z is given, not a control variable. We can consider two kinds of the maximized utility as follows:
where c * (t) is the optimized consumption which is obtained from Equation (33); x(T * ) is the extra finance at T * which he/she has saved for the uncertainty; U I is the utility level in which he/she uses up the extra finance just before he/she dies; and U II is the utility level in which he/she leaves the extra finance when he/she dies, e.g. due to a sudden death.
Results
We have compared the results of private savings with the results of public pension in the previous section. Figure 3 shows that three lines, which are line , line , and line , are added on Figure 2 
dies. The line and are downward-sloping which means that the more money he/she saves for the uncertainty, the lower utility level he/she has. The line shows the utility level in relation to the optimal life expectancy when he/she chooses T * + as a second best instead of T * . For example, the point on the line shows the utility level of the following case; he/she decides his/her life expectancy as 29.47 which is 1.2 times longer than T * , which means that he/she invests for his/her health 0.947 (z =
29.47−20 10
). The line is also downward-sloping which means that the further from the optimal life expectancy he/she chooses, the lower utility level he/she has.
The right panel in Figure 3 shows the enlargement of the same area of the left panel in Figure 3 . The darker the color gets, the bigger the government budget (sp) is. The upper left part, point , shows a smaller government budget, inversely, the lower right part shows a bigger government budget. Comparing area iii and line , in the case that he/she leaves the extra finance when he/she dies, the utility level when the pension system exists can be greater than the utility level of private saving U II . However, comparing area iii and line , in the case that he/she uses up the extra finance just before he/she dies, the utility level when the pension system exists can be less than the utility level of private saving U I . Individuals can hedge against the uncertainty when they finance for extra age for themselves. The public pension cannot make the happiness level higher comparing to the private savings even though the pension system has an insurance effect or a risk-hedging function, because the distortion effect of compulsory pension system is bigger than the value of extra finance. The moral hazard effect in public pension which induces excessive longevity can vanish in the voluntary private savings model. Bender (2012) analyzed the effect of pension and health on well-being in retirement, in particular, by introducing several different types of pension. Bender (2012) showed that people who have defined contribution (DC) pensions have lower retirement satisfaction than people who have more secured defined benefit (DB) pensions. This result implies that it does not matter whether a pension system exists or not; however, it is vital whether a secure income exists or not. We do not care whether some resources in retirement are pension or own savings as long as the resources are stable. Therefore, the voluntary private savings is better method than the public pension which distorts individual's decision.
Empirical Facts
We have formulated and tested three hypotheses based on the results which we have found in the previous section. We postulate the following hypotheses. Hypothesis 1 Pension system can make life expectancy longer.
Hypothesis 2 Under the government budget constraint, pension system cannot make the happiness level higher. What is even worse is that pension system can make the happiness level lower.
Hypothesis 3 In case of the extension of lifespan chosen by own decision, the life expectancy is proportional to the happiness. However, in case of the extension of lifespan caused by the moral hazard effect in public pension, the life expectancy itself is not always proportional to the happiness.
Data
We have used data of happiness, life expectancy, GDP per capita and the existence or non-existence of a pension system to test the three hypotheses. Each of the variables is thought to be the variable that looks at a psychological side, a biological side, an economic side and a social systematic side, respectively. The data used in this research can be easily downloaded on the internet. The happiness index and the life expectancy are available at World Database of Happiness and the GDP per capita is also available at Penn World Table. The data of the existence or non-existence of a pension system are found in Table 1 of Bloom et al. (2007) . The World Database of Happiness is a collection of findings on happiness in the sense of the subjective enjoyment of one's life as-a-whole. 17 World Database of Happiness had released the averages of the happiness index from 2000 to 2009 and the averages of life expectancy from 2000 to 2009 for 10 years. The range of the happiness index is from 0 (unhappiest) to 10 (happiest). The GDP per capita has used the variable "rgdpch" in Penn World Table  7 .1. According to the Penn World Table 7 .1, the variable "rgdpch" is GDP per capita (chain series) converted using Purchasing Power Parity (PPP), at 2005 constant prices. We have calculated the average of GDP per capita from 2000 to 2009 to meet the happiness index and the life expectancy in World Database of Happiness. The pension data, which are dummy variable for the existence or nonexistence of a pension system, show the situation in 2002. The value of dummy variable is one when the country has any pension system and the value of dummy variable is zero when the country does not have any pension system. Regarding pension data, we have used figures under the name "Universal coverage" from the Table 1 of Bloom et al. (2007) . According to Bloom et al. (2007) , the dummy variable of "Universal coverage" indicates whether the system covers all workers or not.
We have reported the detailed data source in Table 1 . World Database of Happiness, Penn World Table 7 .1 and the pension data in 2002 of Bloom et al. (2007) listed 149, 190 , and 61 countries, respectively. We focus on the 61 countries which have all the three data-sets. Table A1 in the Appendix contains the basic information of the 61 countries. We have to acknowledge that the pension data are rough. There may be both superior and inferior pension systems depending on the countries; however, this data do not include the detail information like the budget surplus or deficit. And also, there are fewer countries without pension system. Only 13 countries out of 61 (21.3%) do not have their pension system which means 48 countries (78.7%) have it.
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Figure 4 plots the relationship among the four variables which are income per capita, happiness, life expectancy, and the existence or nonexistence of a pension system by combination of these variables. It appears that all of the cases have positive relationships. In Figure 4 , os represent the countries that have pension system while on the other side xs represent the countries that do not have any pension system. Figure 4 (1) shows the relationship between income per capita and happiness. In general, people in rich countries are happier than those in poor countries. Happiness across countries shows a moderate positive correlation with income. However, the relationship between income and happiness is concave, not linear relationship. The diminishing marginal utility of income is shown. Figure 4 (2) shows the relationship between income per capita and life expectancy, that is to say Preston curve. People living in rich countries live longer than those living in poor countries. Life expectancy across countries shows a moderate positive correlation with income. However, the relationship between income and life expectancy is also concave, not linear relationship like that shown in Figure 4 (1). Among the poorest countries, increases in average income are strongly associated with increases in life expectancy, but as income per capita rises, the relationship flattens out, and is weaker or even absent among the richest countries. Figure 4 (3) shows the relationship between income per capita and pension system. Poor countries may have pension system or no pension system. However, almost all of rich countries have pension system. Figure 4 (4) shows the relationship between life expectancy and happiness. There is a positive relationship, that is, people who live longer are happier than those who live shorter. Figure 4 (5) shows the relationship between pension system and happiness. The happiness level of countries which have pension system is a little bit higher than the happiness level of countries which do not have pension system. Finally, Figure 4 ( 6) shows the relationship between pension system and life expectancy. The life expectancy of countries which have pension system is a little bit longer than the life expectancy of countries which do not have pension system. We have reported the coefficients of correlation in Table 2 . Even though there is difference in a greater or less degree from 0.390 to 0.788, all of the cases have positive relationships.
Regression analysis
We can consider a lots of factors that affect happiness. Besides income, those factors include health state, marriage, children, family structure, job, aspiration, personality, age, education, employment, location, culture, ideology, ethnicity, safety/crime, government quality, and stability of the political system. The number of factors is myriad. Frey and Stutzer (2002) and Frey (2008) introduced various independent variables and tested the effect of the variables on satisfaction with life. Bonsanga and Klein (2012) investigated the effect of retirement on life satisfaction with health, income and free time.
To investigate the effect of pension itself on happiness, the effects of other things except for pension which we mentioned above should be removed. However, we only used income per capita to control because it is not easy to get the data from other mentioned factors. We extracted the effect of income on the happiness using non-linear regression, and we computed the purified residual of happiness without the effect of income on happiness. The effect of pension on the purified residual of happiness without the income effect was investigated in linear regression. In the same way, we investigated the effect of pension itself on life expectancy. We extracted the effect of income on the life expectancy using non-linear regression, and we computed the purified residual of life expectancy without the effect of income on life expectancy. The effect of pension on the purified residual of life expectancy without the income effect was investigated in linear regression. We have also analyzed the effect of pension on the residual of happiness and the residual of life expectancy by dividing the countries into two groups, countries with and without pension system. In order to perform these processes mentioned above, we have considered following regression equations.
where the subscripts, i s represent country i. And, y, L, H, and P are the income per capita, the life expectancy, the happiness level and the existence or non-existence of a pension system, respectively.
H is the purified residual of happiness without the effect of income on happiness and L is the purified residual of life expectancy without the effect of income on life expectancy.
We have considered two regression models on f (y i ) in Equations (35) 
expectancy, are concave, not linear, so we have introduced two nonlinear models which are power regression model and nonparametric regression model. We have defined the power regression model as follows:
We have estimated the variables using nonlinear least-squares regression for Equations (35), (36), (39), and (40), and linear least squares regression for Equations (37) and (38). Figure 5 shows the data, the regression lines, and the residuals. Figure 5 (1), (2), and (3) in the first row show the results of the power regression model and Figure 5 (4), (5), and (6) in the second row show the results of the nonparametric regression model. Table 3 shows the results of both regressions. Let us check the results of the power regression model at first. In Equation (37), 2 (3.342) is positive and significant which means that the pension can have a positive effect on the longevity. In Equation (38), 2 (-0.214) is negative but not significant which means that the pension have an insignificant effect on the happiness. In Equation (39), 1 (4.634) is positive and significant, but 3 (1.832) is not significant even though positive. In Equation (40), 1 (0.055) is positive and significant, but 3 (0.038) is not significant even though positive. These results imply that in case without the pension system, the life expectancy is proportional to the happiness; however, in case with the pension system, the life expectancy is not proportional to the happiness. Next, let us check the results of the nonparametric regression model. In Equation (37), 2 (3.135) is positive and significant which means that the pension can have a positive effect on the longevity. This result is consistent with the result of the power regression model. In Equation (38), 2 (-0.303) is negative and significant which means that the pension can have a negative effect on the happiness. This result is different from the result of the power regression model which is not significant even though negative. In Equation ( We summarized the results of two regressions in Table 4 . From both models, we have gotten the consistent result that the effect of pension system on the life expectancy is positive. This means that Hypothesis 1 cannot be rejected. This result is an empirical evidence of the moral hazard effect in public pension mentioned by Philipson and Becker (1998) . Next, we have gotten the inconsistent result about the effect of pension system on the happiness. 19 The result of nonparametric regression model is significantly negative, but the result of power regression model is insignificantly negative. The results, insignificant or negative, show there is no significant positive effect. This means that Hypothesis 2 also cannot be rejected. Finally, we have gotten the consistent result about the relationship between life expectancy and happiness level. In case without the pension system, they have a significant positive relationship; however, in case with the pension system, the relationship is insignificant. The extension of lifespan caused by the public pension, not by own decision cannot 
Results
Conclusion
This research has analyzed the effect of public pension system on life expectancy and happiness level using the optimal dynamic problem of individuals who live in continuous and finite time and has shown that the results from the model roughly correspond to the characteristics of cross country data.
We have gotten several interesting but radical results from both, the optimization problem and the data. The first result is that the pension system can make life expectancy longer. If the individual does not have to worry about financing future years of living, he/she would want to live longer. This result precisely supports one of the results in Philipson and Becker (1998) that there is a moral hazard effect in public pension that induces excessive longevity. The public pension distorts the tradeoff toward living longer rather than living well. This result implies that the pension system can rather raise problems in terms of aging population which affects the country's productivity and growth rate through the decline in the fraction of working-age population.
The second result is that under government budget constraint, even though the public pension can make the lifespan longer, the public pension cannot make the happiness level higher comparing to the private savings. If there is a pension system, we will try to live longer to get more pension; however, the public pension system which is a compulsory saving can distort individual's decision and can prevent individual's utility maximization. Even though the public pension system has an insurance effect and risk-hedging function, unless the prediction of lifespan turns out to be completely wrong, there is a small possibility that the pension system will improve the happiness level because the distortion effect of compulsory pension system is bigger than the value of extra finance which may go to waste in the voluntary private savings. An individual can hedge against the uncertainty if he/she finances for extra age for himself/herself, instead of paying his/her pension. The private savings can increase happiness level comparing to the public pension system. The third result is that generally, life expectancy itself is proportional to the happiness; however, it is not always true. Prolong lifespan itself is not always making our happiness higher, especially in the case when lifespan is extended by the public pension. The extension of lifespan only chosen by own decision and accompanied by the income support may make our happiness higher.
The anecdote we have mentioned in the head of the introduction is perhaps no accident, but inevitable. It is telling that the jogging was the optimal choice of people who lived during that time to make their lifespan longer. It may be necessary to reconsider the reasons for existence of the compulsory pension system which has been a considerable economic and social burden on young generations. Ehrlich and Chuma (1990) and Dalgaard and Strulik (2014) derived time path for health investment/cost. The aim of this research is to calculate the longevity T and the lifetime utility level U, not to calculate how to change the health investments over time. Even though we deal with z as a state variable, not constant, the results won't change drastically. 9. When we use the numerical method to solve the T, depending on computer software, Equation (19), which is the reduced form of maximized lifetime utility function with T, is not necessary, but with the reduced form, it is easier to understand the marginal effects of parameters on the maximized lifespan utility comparing to a structural form. 10. The figure does not mean the number of years. The absolute value does not have any meanings until it is compared as the concept of the ordinal utility. 11. We can see that Equation (18) is concave against T visually in Figure 3 . 12. There are many different ways to express the lifetime uncertainty problem, for example, we can model the uncertainty problem as follows, max E(U) = ∫
